He, while the original surface gave a small positive one. Both surfaces yield scattering lengths quite different from the widely used surface of Heijmen et al. (1997) for both He isotopes.
Introduction
Carbon monoxide, the most common polar diatomic molecule in space, is widely used as a gauge of local conditions in astrophysics [1] . Interpretation of astronomical CO spectral observations requires knowledge of its interactions with the most common colliders H, H 2 , and He. An influential 1976 article by Green and Thaddeus [2] introduced many in the chemical dynamics community to the astrophysical importance of CO collisions. The He-CO system has served as a benchmark for the study of weak intermolecular interactions since then.
More than a dozen He-CO potential energy surfaces have been described since 1976. Peterson and McBane gave a brief review and comparison of many of them [3] . The most influential and widely used of these surfaces include the ab initio surfaces of Diercksen and coworkers [4, 5] , the empirical XC(fit) surface of Le Roy and coworkers [6] , and the ''symmetry adapted perturbation theory" ab initio surface of Heijmen et al. [7] .
CO is relatively convenient to study experimentally, and a wide variety of measurements have been made. Leading references appear in papers by Thachuk et al. [8] , Reid et al. [9] , McKellar and coworkers [10] , McCourt et al. [11] , Carty et al. [12] , and Amaral et al. [13] . Two notable recent papers report measurements of very low-energy scattering resonances [14] and polarizationdependent state-to-state inelastic differential cross sections [15] .
Two high-quality He + CO potential energy surfaces in current use are the symmetry-adapted perturbation theory (SAPT) potential of Heijmen et al. [7] and the ''CBS + corr" potential of Peterson and McBane [3] . The SAPT potential was constructed with a perturbation technique based on accurate monomer electronic wavefunctions for CO and He. The CBS + corr potential was constructed with a sequence of ''supermolecule" calculations on the HeCO complex at the CCSD(T) level, followed by extrapolation to an approximate complete basis set limit and a small correlationenergy correction. Both potentials treat the dependence on the CO bond length with low-order polynomial expansions. The SAPT potential uses an analytic model function fitted to the ab initio points. The CBS + corr potential uses the ''reproducing kernel Hilbert space" (RKHS) interpolation technique [16] in the Jacobi coordinates R and c, followed by least-squares polynomial expansion in the CO bond length. While the two surfaces are quite similar, the SAPT potential has a smaller repulsive core, a deeper (by about 1.4 cm À1 ) well, and a larger (by 0.36 cm
À1
) dissociation energy from the ground state than CBS + corr. The spacings between levels on the SAPT potential are slightly larger than those on CBS + corr. This difference is reflected in predictions of spectroscopic transitions on the two surfaces. Line positions predicted with SAPT tend to fall at higher frequencies than experimental ones, while those predicted with CBS + corr tend to fall at lower frequencies than experiment [3] .
The RKHS interpolation technique yields a surface that extrapolates to large R with behavior of the form À P n C n =R n , with the number of terms in the expansion selectable by the choice of kernel function. Peterson and McBane used a kernel whose longrange behavior included C 6 and C 7 terms. The long-range coefficients were not constrained, but adopted whatever values provided the smoothest match to the ab initio points being interpolated. Ho and Rabitz have pointed out that such free extrapolation, while it gives the correct qualitative form of the long-range potential, does not usually give accurate C n coefficients [17] . Peterson and McBane therefore cautioned in their paper that while the absolute errors in their extrapolated function were small, large relative errors could be expected in the potential at distances well beyond the 15a 0 distance of their outermost ab initio points and the potential could not be recommended for computation of properties that depended on the very long range behavior. Ho and Rabitz have described a method [17] for constraining the values of the long-range coefficients in RKHS surfaces. With their method it is possible to modify the extrapolation behavior of the CBS + corr potential to give better accuracy at long range, while using the same accurate ab initio data to determine the main part of the potential. This paper describes the construction and properties of such an improved CBS + corr potential.
Potential modifications
The ab initio data used for the original CBS + corr potential were computed on a rectangular grid of Jacobi coordinates, using seven values of the CO bond length r CO , 18 values of the distance R from the CO center of mass to He, and ten angles c between those two vectors; c ¼ 0 corresponds to the He-O-C linear arrangement. To evaluate the potential Vðr CO ; R; cÞ, two-dimensional RKHS evaluations were carried out to determine Vðr CO ; R; cÞ for each of the seven r CO in the ab initio grid, and then a cubic polynomial fit of those seven energies was used to generate the potential at the desired r CO . The RKHS evaluations had the form VðR; cÞ ¼ (17) and (23) of Ho and Rabitz [16] . (In practice the angle kernel is not defined directly on c but instead on a scaled angle variable x ¼ ð1 À cos cÞ=2.) The superscript indices on the distance kernel q n;m 1 ðR; R 0 Þ determine the long-range behavior [17, 18] : the number of inverse-power terms present in the expansion is n, and the lowest inverse power involved is m þ 1. All the work described here uses m ¼ 5 to give a leading asymptotic behavior VðRÞ $ ÀC 6 =R 6 .
The coefficients a i are determined by solving the set of linear equations that uses the known energy at each ab initio point as the ''target",
or, in more compact form,
where C ij ¼ Q ðR i ; c i ; R j ; c j Þ and b j ¼ VðR j ; c j Þ. There are n R n c ¼ 180 ðR; cÞ pairs in the ab initio grid so this is a set of 180 linear equations, one for each value of j. One such set must be solved at each of the seven values of r CO in the grid, yielding seven sets of 180 coefficients.
To constrain the long-range behavior of the RKHS evaluation using a set of known C nL long-range coefficients, additional ''virtual" points are added to the ab initio grid [17] . These new points have R values at user-selected distances in the long-range region, and use the same c values as the original grid. The number of new R values added must equal n LR , the number of long-range coefficients C n to be constrained, so the total number of new equations in the set is n LR n c . The expanded set of linear equations can still be written in the form (4), with new definitions of C ij and b j when j > n R n c :
Here k ¼ 0; 1; . . . ; n LR À 1 indexes the added values of R. A nmk , a component of the distance kernel q n;m 1 ðR; R 0 Þ, is a combinatorial coefficient defined in Eq. (7) of Ref. [17] . R a is a user-selected ''constraint distance", optimally chosen at a distance where the asymptotic terms C n =R n have comparable values. C n ðc j Þ is an angle-specific long-range coefficient,
where P L is a Legendre polynomial and the C nL are restricted to even values of n þ L. Hettema et al. published [19] a computed set of C nL coefficients for He-CO in 1993, and it appears to remain the most recent explicitly described set. However, the group that produced the SAPT potential, which includes some of the same authors, computed a more extensive set with better quality that is included in tabular form in the code for evaluating the potential [7] . This more extensive set includes n values up to 12 and L values up to 6, and includes the dependence on r CO as a polynomial expansion. These coefficients have been selected to constrain the long-range behavior of the revised CBS + corr potential at distances well beyond the outermost ab inito points at R ¼ 15a 0 .
The choice of n in the RKHS distance kernel q n;m 1 ðR; R 0 Þ influences not only the asymptotic behavior but also the smoothness and numerical stability of the RKHS interpolation procedure. The interpolated function has n continuous derivatives, and therefore becomes both smoother and ''stiffer" as n increases. In addition, the condition number of Eq. (4) tends to increase with increasing n, and regularization techniques may become necessary. The original Peterson and McBane potentials were all constructed with a q 2;5 1 ðR; R 0 Þ distance kernel, giving C 6 and C 7 terms in the region beyond R ¼ 15a 0 . Numerical tests showed that in the region of most interest here, 15a 0 6 R 6 30a 0 , the C 7 and C 8 terms were of similar magnitude while C 9 and higher terms were much smaller.
For the present revised potential the q 3;5 1 ðR; R 0 Þ distance kernel was therefore chosen, giving
behavior asymptotically. A constraint distance R a ¼ 10a 0 was used. The remaining task in setting up a long-range-constrained version of the CBS + corr potential is to select the n LR new distances R to be used. Beyond the outermost new distance, the potential will have exactly the constrained behavior. Inside the last ab initio grid point with smaller R than the innermost new distance, the potential will be determined primarily by the ab initio data, though the effect of the constraints will penetrate to some extent because of the smoothness properties of the interpolation. The region in between is a matching region, and the goal is to get as smooth and physically reasonable a junction behavior as possible.
Ho and Rabitz suggested that all the new distances be chosen beyond the range of the ab initio points, and adopted that approach in both their initial examples [17] . However, in the present study, every selection of three distances beyond 15a 0 tested resulted in relatively poor joining behavior. Smooth and reasonable behavior was found when the innermost virtual point was placed at 12:5a 0 , halfway between the last two values of R on the original grid. Once that choice was made, the resulting potential was not very sensitive to the placement of the two remaining virtual points at larger R; 20a 0 and 30a 0 were finally selected. The C matrix of Eq.
(4) was not as well conditioned as for the original unconstrained q 2;5 1 ðR; R 0 Þ version, but still of full rank, and the system could be solved in double precision without regularization. Fig. 1 shows cuts of the original CBS + corr potential, the new potential, and a trial version of the new potential made with long-range distances of 20, 25, and 30a 0 . The task of joining the long-range and interior parts of the potential smoothly is most difficult at the carbon end of the molecule, so the curves are shown at c ¼ 160°. The top panel shows VðRÞ itself in the long-range region for the three different RKHS curves, and indicates that the differences among all these potentials are small in absolute terms. The lower panel shows R 6 VðRÞ, which approaches the constant value ÀC 6 ðcÞ asymptotically. This presentation is designed to magnify differences and problems at long range. The blue curve (''C 6 þ C 7 þ C 8 ") in the lower panel shows, in the same presentation, the long-range dispersion/induction curve that the new potential is constrained to follow beyond R ¼ 30a 0 . The original, unconstrained CBS + corr potential shows smooth behavior but goes eventually toward an inaccurate asymptotic C 6 . The trial version of the constrained potential, whose smallest constraining R value is 20a 0 , does smoothly join the blue asymptotic curve around R ¼ 25a 0 , but its behavior in the region 10a 0 6 R 6 25a 0 displays polynomial wiggles that indicate poor matching. The final version of the constrained potential, whose smallest constraining R value is 12:5a 0 , is much smoother. It differs modestly from the original CBS + corr potential for R < 15a 0 , but merges with the desired asymptotic curve shortly thereafter. Careful inspection of Fig. 1 shows that the three RKHS curves all agree with one another at the final normal-grid distance 15a 0 but do not pass exactly through the plotted ab initio point. This discrepancy does not represent interpolation error. The seven twodimensional RKHS interpolations yield surfaces that do pass through the ab initio points for each value of r CO . The evaluated 3D potential, however, is not constructed by interpolation through those seven points, but instead by evaluating the best-fit cubic polynomial through them. That polynomial is not likely to pass exactly through any one of the points used in its construction.
Fortran code to evaluate the original CBS + corr potential is available as electronic supplementary material associated with Ref. [3] . Additional files that extend that support to the revised CBS + corr + LR potentials are available as supplementary material with this article.
Bound states of HeCO
The nuclear wavefunctions of the HeCO van der Waals complex are principally contained in the main part of the potential well. The computed energies of those states would therefore not be expected to change much when modifications to the long-range tail of the potential are introduced. Small changes might appear either because the constraints produce changes to the surface within the main well, or because the wavefunctions extend into the long-range region. The relative energies of all but one of the states have been accurately determined by spectroscopic experiments [10, [20] [21] [22] [23] . Tables 1 and 2 show energies of the HeCO bound states computed with the original CBS + corr, the modified CBS + corr + LR, and the SAPT potentials for 3 He and 4 He. The levels are labeled in the approximate-free-rotor scheme with the total angular momentum quantum number J and the approximate quantum numbers j for CO rotation and l for end-over-end rotation of the complex. These energies were computed with the BOUND program of Hutson [24] , using the physical values and numerical parameters described in section III B of Ref. [3] . The calculations used 2D versions of the potentials constructed by averaging over the vibrational wavefunctions of CO; this approximation was found to be excellent by both Heijmen et . Both changes modestly improve the agreement with experiment compared to the original CBS + corr potential. The ð0; 1; 1Þ level, in particular, has the most extended wavefunction of all the bound levels, as measured by its average hRi computed within BOUND by the perturbation method of Hutson [25] . It would be therefore be expected to be the most sensitive to changes Each isotopomer supports two ''parity-bound" levels, which cannot dissociate to j ¼ 0 CO. While their absolute energies are high, they are more strongly bound than some lower-lying levels that can dissociate to j ¼ 0. Their energies are little affected by the potential modification.
Scattering resonances
Bergeat et al. recently measured inelastic cross sections for rotational excitation of CO in very low energy collisions [14] . The collision energy range includes the excitation threshold for the 0 ! 1 transition. At collision energies not more than about 10 cm À1 above the threshold, substantial resonance structure is predicted by scattering calculations. The finite energy resolution of the experiment somewhat obscured the resonance structure but the main features were clearly discernable. Near-threshold cross sections were computed by CecchiPestellini et al. [26] in 2002 using the SAPT surface. Bergeat et al. computed the expected resonance structures for both the SAPT and CBS + corr surfaces, and resolved them into contributions from specific shape and Feshbach resonances. The predictions from the two surfaces are very similar, but the resonance energies predicted by SAPT are consistently a few tenths of cm À1 below those from CBS + corr. This difference reflects the lower absolute energies (that is, greater binding energies) of most bound levels on the SAPT surface. No clear discrimination between the two surfaces could be made by comparison to experiment, though the onset of the first resonance above threshold did appear to match the SAPT prediction better. Fig. 2 shows the 0 ! 1 inelastic cross sections computed from the original CBS + corr, new CBS + corr + LR, and SAPT surfaces. They were computed using the MOLSCAT program of Hutson and Green [27] with the hybrid log-derivative Airy propagator of Manolopoulos and Alexander [28, 29] . The channel basis included CO rotational states up to j ¼ 10 and the propagations were carried out to a distance of at least 30 Å.
The original and revised CBS + corr results are nearly identical; the position of the initial resonance shifts by about 0.01 cm À1 to higher energy on the revised surface. The small effect of the long-range modifications on these resonance positions is not surprising. Like the bound state wavefunctions, the wavefunctions associated with shape and Feshbach resonances are principally located within the main part of the potential well. Most of the PES region that affects the resonance positions is therefore determined by the ab initio energies and is little affected by the changes at very long range. Even though the resonances are ''low-energy features", the original CBS + corr potential was well characterized in the relevant potential regions. He-CO complex. The first row gives the absolute energy of the ground state with respect to separated He and CO. Subsequent rows give the energy of each higher level with respect to ð0; 0; 0Þ, and the unweighted root-mean-square error with respect to experiment for the entire set of levels. The experimental energies are those presented by Surin et al. [22] . The experimental value in brackets is an estimate [21] . Table 2 Energy levels (in cm
À1
) of the 4 He-CO complex, as in 
Low energy scattering lengths
The s-wave scattering length [30, 31] should be sensitive to changes in the long-range part of the He-CO potential. For total energies below the j ¼ 1 threshold, only single-channel scattering is possible and the scattering length a must be real. It goes to a constant value in the limit of low collision energy, and is an important parameter in the characterization of low-temperature collisions [32] . In the low-energy limit the elastic cross section is r ¼ 4pa 2 . Limiting scattering lengths for the SAPT potential have been computed for several CO initial states and for both 3 He and 4 He by Balakrishnan et al. [33] , Zhu et al. [34] , and Bodo and Gianturco [35] .
Scattering lengths for He-CO collisions were computed with a recent version of MOLSCAT [36] , using the 2D v ¼ 0 averaged versions of the potentials and limiting the total angular momentum to J ¼ 0. The propagations were carried out to a distance of 200 Å to ensure the potential energy was negligible compared to the kinetic energy down to the lowest energies. Scattering lengths were computed from the S-matrix elements using the expression of Hutson [31] . Fig. 3 shows scattering lengths and 0 ! 0 partial cross sections for 4 He-CO collisions as a function of collision energy for the original CBS + corr, new CBS + corr + LR, and SAPT potentials. The scattering lengths do indeed change noticeably among the three potentials. The CBS + corr potential gives a limiting scattering length that is positive but near zero (+0.19 Å) at low energy. The modifications, which strengthen the long-range attractions slightly, move the limiting scattering length to a negative value, À0.25 Å. (This change is a smooth one; simply multiplying the CBS + corr + LR potential by a vertical scaling factor k that varies from 0.98 to 1.02 smoothly shifts the limiting scattering length from +0.93 Å to À1.58 Å.) The elastic scattering cross sections for both versions of the CBS + corr potential are correspondingly small. The scattering length on the revised potential goes through a zero crossing near E ¼ 4:5 Â 10 À3 cm
À1
, and its elastic cross section shows a corresponding r ¼ 0 minimum at the same energy.
The SAPT potential shows a more typical behavior. Its limiting scattering length is also negative but much larger in magnitude, À3.56 Å, and at low energy its elastic cross section is roughly 160 Å [33] [34] [35] . The behavior for 3 He-CO, shown in Fig. 4 , is different. All three potentials show positive limiting scattering lengths at low energy. Their elastic cross sections increase with decreasing energy before reaching large constant values. The limiting cross sections from both CBS + corr potentials are larger by roughly a factor of five than those from the SAPT potential.
The scattering length is affected by both the long-range potential and the inner region [37] . The quantitatively different behavior of the SAPT and CBS + corr + LR potentials shows that while the very long range part of the latter has been constrained to essentially match that of the SAPT potential, its overall physical properties even at very low temperature do not simply reproduce those of the SAPT potential.
Conclusion
The new CBS + corr + LR surface is very slightly changed from the original [3] in the main part of the potential well. Comparison with accurately known bound-state energies indicates that the surface is slightly improved in the region sampled by the highest lying bound states. The positions of shape and Feshbach resonances within a few cm À1 of the j ¼ 1 excitation threshold are essentially unchanged. The low-energy scattering lengths, however, did change noticeably. The revised surface generates a small negative limiting scattering length for collisions with 4 He, while the original surface gave a small positive one. Both surfaces yield scattering lengths and limiting elastic cross sections quite different from the widely used SAPT surface [7] for both He isotopes.
